We introduce the class of (h 1 , h 2 )-preinvex functions on the co-ordinates, and we prove some new inequalities of Hermite-Hadamard and Fejér type for such mappings. MSC: Primary 26A15; 26A51; secondary 52A30
Introduction
A function f : I → R, I ⊆ R is an interval, is said to be a convex function on I if f tx + ( -t)y ≤ tf (x) + ( -t)f (y) (.) holds for all x, y ∈ I and t ∈ [, ]. If the reversed inequality in (.) holds, then f is concave. Many important inequalities have been established for the class of convex functions, but the most famous is the Hermite-Hadamard inequality. This double inequality is stated as follows: In [], Dragomir and Fitzpatrick proved the following variant of the Hermite-Hadamard inequality, which holds for s-convex functions in the second sense:
In the paper [] a large class of non-negative functions, the so-called h-convex functions, is considered. This class contains several well-known classes of functions such as non-negative convex functions and s-convex in the second sense functions. This class is defined in the following way: a non-negative function f :
holds for all x, y ∈ I, t ∈ (, ), where h : J → R is a non-negative function, h ≡  and J is an interval, (, ) ⊆ J.
In the further text, functions h and f are considered without assumption of nonnegativity.
In [] Sarikaya, Saglam and Yildirim proved that for an h-convex function the following variant of the Hadamard inequality is fulfilled:
In [] Bombardelli and Varošanec proved that for an h-convex function the following variant of the Hermite-Hadamard-Fejér inequality holds: 
In the same article, Dragomir established the following Hadamard-type inequalities for convex functions on the co-ordinates: In the same paper, they proved the following inequality for an s-convex function:
For refinements and counterparts of convex and s-convex functions on the co-ordinates,
The main purpose of this paper is to introduce the class of (h  , h  )-preinvex functions on the co-ordinates and establish new inequalities like those given by Dragomir in [] and Bombardelli and Varošanec in [] .
Throughout this paper, we assume that considered integrals exist.
Main results
Let f : X → R and η : X × X → R n , where X is a nonempty closed set in R n , be continuous functions. First, we recall the following well-known results and concepts; see [-] and the references therein.
Then the set X is said to be invex at u with respect to η if
X is said to be an invex set with respect to η if X is invex at each u ∈ X.
Definition . The function f on the invex set X is said to be preinvex with respect to η if
We also need the following assumption regarding the function η which is due to Mohan and Neogy [] .
Condition C Let X ⊆ R be an open invex subset with respect to η. For any x, y ∈ X and any t ∈ [, ],
Note that for every x, y ∈ X and every t  , t  ∈ [, ] from Condition C, we have
In [], Noor proved the Hermite-Hadamard inequality for preinvex functions
The non-negative function f on the invex set X is said to be h-preinvex with respect to η if
Let us note that: Now let X  and X  be nonempty subsets of R n , let η  :
X  × X  is said to be an invex set with respect to η  and
The nonnegative function f on the invex set X  × X  is said to be co-ordinated (h  , h  )-preinvex with respect to η  and η  if the partial mappings f y : X  → R, f y (x) = f (x, y) and f x : X  → R, f x (y) = f (x, y) are h  -preinvex with respect to η  and h  -preinvex with respect to η  , respectively, for all y ∈ X  and x ∈ X  . 
Remark  Let us note that if
Proof From the definition of an h-preinvex function, we have that
Thus, by integrating, we obtain
The proof of the second inequality follows by using the definition of an h-preinvex function, Condition C for η and integrating over [, ] .
That is,
The proof is complete. 
Proof Since f is (h  , h  )-preinvex on the co-ordinates, it follows that the mapping f x is h  -preinvex and the mapping f y is h  -preinvex. Then, by the inequality (.), one 
Summing the above inequalities, we get the second and the third inequalities in (.).
By the inequality (.), we also have
which give, by addition, the first inequality in (.). Finally, by the same inequality (.), we ca also state
which give, by addition, the last inequality in (.). ordinates with respect to η  and η  , then
Proof Since f is (h  , h  )-preinvex on the co-ordinates and g is (k  , k  )-preinvex on the coordinates with respect to η  and η  , it follows that
Multiplying the above inequalities and integrating over [, ]  and using the fact that
we obtain our inequality.
In the next two theorems, we will prove the so-called Hermite-Hadamard-Fejér inequalities for an (h  , h  )-preinvex function. http://www.journalofinequalitiesandapplications.com/content/2013/1/227
Proof From the definition of (h  , h  )-preinvex on the co-ordinates with respect to η  and η  , we have 
